By constructing special relation algebras we show that if 3 < a < co, then SNr3CAQ ft SNr3CA3Q_7 and there is a logically valid first-order sentence containing at most three variables with a proof in which every sentence has at most 3a -7 variables, but no proof in which every sentence has at most a variables.
yields the known result ( [TG87, ) that there is a 3-sentence which is 5-provable but not 4-provable. For a = 5 it yields a 3-sentence which is 8-provable but not 5-provable. However, by another construction we know there is a 6-provable 3-sentence which is not 5-provable. This construction also yields the result 0(5) = 6 mentioned above. Theorem 1. Let 3 < a < co. Then SNr3CAa ^ SNr3CA3a7. In fact, there is a simple finite relation algebra 21 such that (i) BJ& is an a-dimensional cylindrical basis for 21, (ii) 21 has no (3a -l)-dimensional relational basis, (iii) 2le*a*CAa, (iv) Ca532l€ Nr3CAa, (v) 21 i S0îa*CA3Q_7, (vi) Ca532l i SNr3CA3a_7 .
Proof. Let ß = 3a -7 . Let 03 = (B, +, -) be a finite Boolean algebra which has the following atoms: dK and eK for k < ß, r aKX, where k , X< ß, k ^ A,T ç ß, and either T -0 or |T| = a -2.
Let At03 be the set of atoms of 03 . We need some terminology for the indices used in the notation of the atoms. The first index of the atoms dK, eK, and aKX is K , and the second index of dx, ex, and aKX is X. (It may be perhaps clearer to use the notation é/ and ^ in place of d" and e" .) Define an KK KK K K operation " on Am as follows.
K=dK> K -eK. and (4r -flL
Extend this operation to all the elements of 03 :
x = Y,{à:x>aGAtç&).
Let C be the set consisting of all the following triples of atoms of 03 :
(aKk, aXp, aKp), where X G X or k g A or ß G T,
Ko ' fl01 ' flAl> • <flAl > fl10 ' aXo) ' Where ! < l < ß-Then define a binary operation ; on 03 by x;y = £{c : x > a G Am, y >b G Am, (a, b, c) G C}.
Set 1' = ¿2K<ßdK, and let 2t = (5,+, -, ; ,", 1').
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Next we will prove that 21 € WA. From the way that " and ; are extended to all the elements of 03, it follows that 21 is isomorphic to the complex algebra of the relational structure (,4/03, C,", {dK : k < /?}). Theorem 2.2 of [Ma82] gives necessary and sufficient conditions for the complex algebra of such a structure to be an algebra in WA, so we need only verify those conditions. It is easy to see, from an inspection of the triples in C, that if (x, y, z) g C, then (x, z ,y) gC and (z, y, x) G C . Thus conditions (a) and (b) of Theorem 2.2 hold. Furthermore, if {dk , x, y) G C then x = y, and for any x G At'B, there is some k < ß such that (dk, x, x) G C. Thus condition (c) of Theorem 2.2 holds, and we conclude that 21 e NA. To prove that condition (d) holds, and that therefore 21 G WA, we need only assume {dk, x, x) , (x, y, z) g C and show that (dk, z, z) G C . Notice that all the triples in C have the property that the first index of the first atom in a triple is the same as the first index of the last atom in that triple. Thus the first index of dK , namely k , is the same as the first index of x, which is in turn the same as the first index of z. So the first index of z is k , and either z = dk , or z = ek , or z -aKk for some A, T. In all three cases it happens that (dK, z, z) g C. Thus 21 e WA.
Next we show that BJ21 is an a-dimensional cylindrical basis for 21. To do so we must verify conditions (C0 ), (C x ), and (C2 ) of Definition 4 in [Ma89] . First, condition (C 0 ) follows from the fact that 21 G WA, by Lemma 5 of [Ma89] . Some very simple computations serve to show that condition (C 2 ) holds when M = BJH. Thus what remains to show is (C, ). To do so, we assume u, w e ¿?Q2l, k , k < a, k ^ k, and u agrees with w off of k , k. Then we must show that there is some v in BJH which agrees with u off of k , and agrees with w off of k. These required conditions determine all the values of v except vkX and vXk as follows:
Then vkX and vXk may be chosen as follows. In each case, the verification that v G B 21 is routine.
a Case 1. If wK < 1 ' for some /¿€a~{/c,/}, then vkX -ußX and vXk -ux .
Case 2. If u . < 1 ' for some ß G a~{tc, k}, then vKk -wK and vXk = wpK .
Case 3. Assume wK + u x < 0' whenever ß g a~{jc,A}. Let p be the first index of u^.
(Since u^ < 1 ' , p is also the second index of w .)
For every p G a~{ic, k), we have uKfl < uKK ; uKfl since u G BJH, hence (",," » u^". u^") € C. It follows that p is the first index of u"". Let o be * KK K LI ^r* K tí the second (and first) index of wxx. By similar reasoning, we get that o is the second index of w . for every p g a ~{fc, /}. If a = p, we simply let vkX = vXk -ea -e . We may therefore assume a ^ p. We will let vKk = a and vkK = a for some appropriately chosen T, to which we now turn.
Let p G a ~{k , k} . Then uKß < uKß ; ußß , so (uKß , ußß, uKß) G C. Notice that all the triples in C have the property that the second index of the second atom in a triple is the same as the second index of the last atom in that triple. Thus u"" and 1/ have the same second index. Similarly, w"" and w", have indices which arise in this way. Set vKk = aa and vkK = a . It follows that vkX ~ uku > WßX f°r every ß G a~{K, k} , and from this it is easy to show that v G BJli. Thus (i) holds. Applying (i) with a = 4, we get that J?42l is a 4-dimensional cylindrical basis, which implies that 21 is a relation algebra. So far the argument works for all a > 3. We need a > 3 in the proof of (ii), since the conclusion of (ii) contradicts (i) when a = 3. We prove (ii) by contradiction. Suppose that M ç ß"2l is a /?-dimensional relational basis for 21. By (R0 ) of Definition 3, [Ma89] , there is some u G M such that uox = aox . Since a®x < Tli^Kß^x 'axi > we can repeatedly apply (R, ), obtaining some v G M such that
Note that v is designed so that the first and second indices of vKk are k and k, respectively. By the definition of C, if k , k G [2, ... , ß -1} and k ^ k then there is some nonempty Y such that vKk = aKk and 0,1 € T. For every 3-element subset {k , k, ß} of {2, ... , ß -1}, we have vKk ; v. > vK , hence {k , k, ß) contains some 2-element subset, say {k , k), such that ß gT , where vKk = aKk. Whenever this happens, we say that {k , k} accounts for {k, k, ß} . Every 3-element subset of {2, ... , ß -1} must be accounted for by one of its 2-element subsets. Since |T| = a-2 and 0, 1 G T, every 2-element subset of{2,...,y?-l} can account for only a -4 of the 3-element subsets of {2, ... , ß -I}. But (a -4)(ß~2) < (ß~2), so we have a contradiction. Therefore 21 has no yS-dimensional relational basis, i.e., (ii) holds.
From the fact that ßQ2l is an a-dimensional cylindrical basis for 21, we conclude that £aB 21 G CA by Theorem 10(i), [Ma89] . Now 21 is complete since it is finite, so we also have Dia£aBaQl = 21 by TheoremlO(iii), [Ma89] . Thus 21 S íHa€a5Q2t € íKa*CAa, so (iii) holds. It is straightforward to check that €aBy21 S 9lt £o5Q2l whenever 3 < y < a. In particular, Co5,2l Sä Vlx.taB 21 e Nr,CA ,
so (iv) holds.
Now we prove (v) by contradiction. Suppose 21 e SfRa*CA". Hence there is some € such that (2) açfKaC, CeCA^.
It turns out that (2) implies that 21 has a ß-dimensional relational basis. However, we will only show that (2) implies the existence of a v G ¿932l satisfying (1), which leads to a contradiction, as shown above.
We have Theorem 2. If 4 < a < co then 0 ¿ ij0 n C0'?^"-?0~öi/i">0) and 0 ¥> 4n)+n(e^a)_+70~er/l'I)+0).
Proof. Set ß = 3a -7. By Theorem 1 there is a finite relation algebra 21 with an a-dimensional cylindrical basis but no /^-dimensional relational basis. Let n + 1 = \At$l\. Let f = (f¡ : i< n) be an enumeration of the atoms of 2t. Let Wl = (21, /, BJli). Then OJl is an a -dimensional algebraic realization of both Jf(n) and JT(n)+, in the sense of Definition 16, [Ma89] It can be shown (by imitating the proof of Lemma 4.3.22 of [HMT85] ) that (5) implies (2) for some <£. Since (2) implies the existence of a v g B"%. such that (1), we have a contradiction, and the proof is complete. However, we can also obtain a sentence X g £3 which is algebraically false in 9DÎ (hence X £ 8r^")+0 ), such that one can show directly (by constructing a ß -proof) that X g @nln)+0 . Let Y be the conjunction of the following sentences: This sentence can be put into prenex normal form with quantifier prefix 3v03v1 ... 3v«_, and a matrix corresponding to (1). The conjuncts of Y can then be used to show that the matrix is inconsistent. The combinatorial reason for this inconsistency is expressed by the part of the proof of Theorem 1 concerning the 2-element and 3-element subsets of {2, ... , ß -1} . Of course, the counting argument used there cannot be translated directly into a proof in Jfß . The cases must be listed and individually ruled out. Thus the proof will be straightforward but of enormous length. □
